ABSTRACT "Bottom-up" approaches to the many-body physics of fermions have demonstrated recently precise number and site-resolved preparations with tunability of interparticle interactions in single-well, SW, and double-well, DW, nano-scale confinements created by manipulating ultracold fermionic atoms with optical tweezers. These experiments emulate an analoguesimulator mapping onto the requisite microscopic hamiltonian, approaching realization of Feynmans' vision of quantum simulators that "will do exactly the same as nature". Here we report on exact benchmark configuration-interaction computational microscopy solutions of the hamiltonian, uncovering the spectral evolution, wave function anatomy, and entanglement properties of the interacting fermions in the entire parameter range, including crossover from a SW to a DW confinement and a controllable energy imbalance between the wells. We demonstrate attractive pairing and formation of repulsive, highly-correlated, ultracold Wigner molecules, well-described in the natural orbital representation. The agreement with the measurements affirms the henceforth gained deep insights into ultracold molecules and opens access to the size-dependent evolution of nano-clustered and condensed-matter phases and ultracold-atoms quantum information. wells, connected by a barrier between them, are located on the same axis (x), and (2) a so-called "parallel arrangement" (PA) where the quasi 1D wells are oriented along two parallel lines in the y direction being separated by a barrier in the x-direction; tunneling between the wells occurs in the x-direction through the long sides of the wells (namely the sides that are along the y-axis).
Ingress to the origins of complex physical phenomena often requires experiments whereby theories are tested or suggested through artificial manipulations of physical circumstances. During the past decade, a cornucopia of new tools have emerged resulting from the discovery and advancement of methods for the preparation and trapping of ultracold atomic gases, controlled tuning of the interparticle interactions (via magnetic manipulation of the Feshbach resonance), and the creation of synthetic gauge fields through atom-light interactions in optical lattices of varied geometries and topologies 1, 2 . The remarkable pristine nature of these systems, and the exquisite level of control that can be exercised over them, brought forth a realization of Richard Feynman's vision 3 for the construction of physical quantum simulators, capable of an exact simulation, of systems or situations that are computationally or analytically intractable. Indeed, in the past several years we witnessed a surge of realizations of such exact simulations addressing diverse fields (see reviews in refs.1 and 2), including in particular the behavior of strongly interacting fermions where computations are precluded because of the "fermion sign problem." 4 . These systems range from high-Tc superconductivity 1,2 , collosal magnetoresistance 5 and quantum Hall effects 2 to atomic frequency resonators 6 , interferometry 7, 8 , matter wave gyroscopes 9 and the development of scalable quantum computers with neutral atoms 10, 11 .
Progress aiming at a "bottom-up" approaches to the many-body physics of fermions, has been demonstrated in recent efforts to deterministically prepare and measure few fermion systems in a SW 12 or DW 13 confinement created with the use of optical tweezers [12] [13] [14] . This experimental methodology differs in a substantial way from the "top-down" approach of most experiments with an optical lattice which is loaded by a large ensemble of trapped atoms cooled in an external trap. Here [12] [13] [14] , the precise number and site-resolved preparation and the tunability of the nature (attraction or repulsion) and strength of their interactions open access to the molecular world and the size-dependent evolution of clustered and condensed-matter phases.
With the parameters chosen, the DW experiment 13 can be regarded as an emulation of an exact analogue simulator in the Feynman sense 3 , mapping the two interacting fermion problem onto the exact microscopic hamiltonian [see Eq. (1) below]. Under the ultracold experimental conditions (T ~ 10 -9 K) the de Broglie wave length, λ dB = h/(mv) = h/(2πmkT) 1/2 , of a 6 Li atom is of the order of 24 μm and the interwell separation in the double well can be varied from zero to a couple of microns; consequently, the system of ultracold atoms in the DW confinement is found in the deep quantum regime.
Here we advance benchmark exact solutions for the microscopic hamiltonian describing the confined interacting fermions for the parameter ranges accessible in the experiment. These solutions uncover the evolution of the spectrum, wave-function anatomy, and entanglement properties of the two interacting fermions, demonstrating attractive pairing and formation, for strong interatomic repulsion, of highly correlated ultracold Wigner molecules (UCWM) which are well-described in the natural orbital representation; UCWM for bosonic atoms have been introduced in ref. 15 . We consider two DW (see below and the Supporting Information, SI)
configurations: (1) a so-called "linear arrangement" (LA) where two quasi one-dimensional (1D) wells, connected by a barrier between them, are located on the same axis (x), and (2) a so-called "parallel arrangement" (PA) where the quasi 1D wells are oriented along two parallel lines in the y direction being separated by a barrier in the x-direction; tunneling between the wells occurs in the x-direction through the long sides of the wells (namely the sides that are along the y-axis).
Case (1), the LA configuration, is described in detail in the main text of the article, and case (2), the PA configuration (see SI, Fig,. S1 ) is discussed and compared (along with the LA configuration) with the experimental results 13 in the SI (see Fig. S2 ). The remarkable agreement (See SI, Fig. S2 ) between the calculated results and the measurements 13 , validates these novel theoretical and experimental methodologies and affirms the henceforth gained deep insights into fundamental aspects of the chemistry and physics of molecular and condensed-phase materials.
We begin with a brief statement of the many-body hamiltonian of the one-dimensional (1D) two-fermion DW system in the aforementioned LA configuration , expressed (with N =2
here) as a sum of the single-particle part (defined in the SI) and the two-particle contact interaction,
where denotes the relative distance between the and fermions( e.g. 6 Li atoms).
The external confining potential [in ] that models the DW is based on a two-dimensional two-center-oscillator 16 (TCO, see SI) that allows for independent variation of both the interwell separation, and of the barrier height . It further allows consideration of a tilt between the left and right wells. The 1D character of our CI treatment is enforced through the requirement that only the zero-point motion in the direction is of any relevance (see SI).
Evolution of the many-body spectra, for wells of equal depth (i.e., , see DW profiles in the inserts), is displayed in Fig. 1 , showing the 8 lowest energy states for the entire interwell distance range, from the united atom [ , Fig. 1(a) ] to full dissociation of the twoparticle Feschbach molecule [ m, Fig. 1(c) ]. Since the CI calculation preserves the total spin, the energy curves are labeled as singlets ( ) or triplets ( ); the parity of the many-body states (See SI) is also conserved ( , and thus the corresponding states are labeled also as .
Overall the evolution of the spectra reflects the splitting of the united atom into two wells. That is, a double degeneracy appears gradually and it fully develops for complete dissociation ( Fig.   1(c) ) where the eight curves in Fig. 1 (a) regroup into four (five) curves in the repulsive (attractive) region, respectively.
The energy curves (in all panels of Fig. 1 ) fall into two groups: those that are independent of the interaction strength (horizontal lines) and those that depend on . In all instances the energy of the triplet states is independent of , as found also for a single well 17 signifying the left and right wells and , the two spin projections). Such states approximate the highly entangled Bell states 10, 18 . The energy curves that show a -dependence correspond to singlet states having both fermions in the same well. This is a consequence of the contact interaction which is not effective at the longer distances introduced by the inter-well separation. Results for a DW with an inter-well tilt kHz and separation m are displayed in Fig. 2 ; the parameters fall within the same range as those used in the experiments 13 .
In addition to the energy spectra in the repulsive range (for the attractive range, see below and the last figure) shown in center panel, we display the results of analysis of selected manybody wave functions (for different states and/or values), exhibiting their single-particle densities (SPDs, green surfaces) and spin-resolved conditional probability distributions 21 (CPDs, red surfaces); the letter labels (a, b, c,….) relate the surface plots to the corresponding points on the various energy curves (for the definitions of the SPD and CPD see Methods). The spinresolved CPD gives the spatial probability distribution of finding a second fermion with spin projection under the condition that another fermion is located (fixed) at with spin projection ; and can be either up ) or down ( ).
In the non-interacting limit ( Wigner molecules (WMs) made of cold atoms is a remarkable discovery. Indeed, WMs have been initially predicted theoretically 21 -24 and subsequently found experimentally 21, 25 , for strongly interacting electrons in two-dimensional (2D) quantum dots (QDs) at semiconductor interfaces.
More recently WMs have been found in other 2D QDs 26 , clean carbon nanotubes 27 , and for biexciton states in 3D QDs 28 .
The discovery of Wigner molecules made of four fermions (electrons) in a double well confinement using full configuration interaction calculations, allowed us to establish the correspondence between strong Wigner molecules and Heisenberg spin chains 16 ; for an earlier analysis of the spin structure of WMs in single harmonic well confinements (including a quasilinear, 1D, case) see ref. 29 . It was shown that the full WM wave function can be mapped into a pure spin function. 16, 29 In the limit of , the UCWM may reach the regime of fermionization of two distinguishable fermions, which has been most recently realized for two 6 Li atoms confined within a single harmonic trap 30 . In this limit, the energy of the UCWM (singlet, blue curve)
becomes degenerate with the energy of the triplet state (orange horizontal straight line). Note the similarity in the densities and CPDs between panel g (triplet with ) and panel e (singlet UCWM).
A detailed analysis of the resonance region (highlighted by the square box in Fig. 2 ) is displayed in Fig. 3 . As aforementioned (Fig. 2) , this resonance corresponds to the anticrossing resulting from the interaction between two singlet states, and has the form (2) In Fig. 2 and Fig. 3 , left (right) of the resonance, on the blue curve one has ( ), whereas on the dark brown curve ( ). At resonance . In agreement with the corresponding SPDs (green surfaces) in panels I and III, the probability ratio for finding a fermion in the left or right well at the resonance points (denoted as a and c in Fig. 3 ) is 3:1.
Further corroboration that the structure of the many-body states at resonance is well approximated by Eq. (2) is provided by the spin-resolved CPDs in a and c. Indeed, in both cases, if one locates the down-spin fermion in the middle of the left well (see black arrow), the probability distribution (red surface) of the up-spin fermion extends in both wells, and the ratio of the volumes under its left/right parts is 2:1. In contrast, if one locates the down-spin fermion in the right well, the spin-up fermion is found only in the left well. It is pertinent to note that the horizontal energy curve (green) in Fig. 3 corresponds to the HL-type , as is also corroborated through an inspection of the SPD and CPDs associated with the manybody wave function at the point specified by b.
Quantifying entanglement using the von Neumann entropy as a measure, and the natural orbitals. The theory of entanglement in a two-qubit space is associated with the celebrated Bell states, used earlier in investigations of quantum information processes implemented with ultracold atoms in optical lattices 5 . The CI many-body wave functions, however, are associated with larger Hilbert spaces for which a quantitative measure of entanglement is the von Neumann entropy 21, 31 defined as
where is the single-particle density matrix (SPDM, see SI for details) and C = -log 2 N is a 
with √ ; a similar expression applies for the triplet. In conjunction with , knowledge of the 's and NOs determines fully the anatomy (and degree of entanglement) of the manybody wave function by specifying the minimal number of Slater determinants (referred to also as the Slater rank 18 of the many-body wave function) that gives the most rapid converged approximation to (see the analysis below regarding the bar plots in Fig. 4 ).
The entanglement entropy for two 6 Li atoms in a double well with m and kHz (the same parameters as in Fig. 2 ) is displayed in Fig. 4 . Given that the allowed maximum value for the von Neumann entropy in our CI calculations is (we use a basis of single-particle space orbitals), it is remarkable that the calculated values in Fig. 4 remain smaller than 1.3 in the repulsive range, and in particular in the regime of strong correlations, i.e., for . This reflects formation of a Wigner molecule.
for all the triplets, i.e., the von Neumann entropy curves for all triplet states in the double well collapse to the single horizontal line. We note that the dark brown and purple curves approach vanishing entropy as ; this is natural because in the weak-repulsion regime ( ) they correspond to the single-determinant wave functions (dark brown) and (purple).
In contrast to the bounded values ( ) of for repulsive interaction, in the attractive region, all the values associated with the singlet ground and excited states of a highlycorrelated and tightly-bound dimer (see The above findings suggest that progress in achieving highly accurate solutions to 
where denotes the q-th many-body (N particles) CI wave function.
The spin-resolved two-point anisotropic correlation function is defined as
Using the normalization constant ∫ , we further define a related spin-resolved conditional probability distribution (CPD) as
The single-particle density matrix (SPDM), is given by ∑
and it is normalized to unity, i.e., . The Greek indices (or ) count the spin orbitals that span the single-particle space (of dimension ). 
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Figure 3 The mass corresponds to ultracold 6 Li atoms, kg. All chosen parameters are within the range of a recently reported experiment 13 .
Figure 4 The interwell barrier height ;
The mass corresponds to ultracold 6 Li atoms, kg. All chosen parameters are within the range of a recently reported experiment 13 . To model the two interacting fermionic ultracold atoms confined in a double well we use a 2D many-body problem (as described below). In the LA configuration we enforce the 1D character by requiring that the trap confinement in the -direction is much stronger than that in the -direction (i.e. ω y / ω x >> 1), with the result that only the zero-point motion in the -direction is included in the calculations, whereas in the PA configuration we choose ω y / ω x < 1 (see the caption of Fig. S1 below) .
SUPPORTING INFORMATION
DOUBLE-WELL ULTRACOLD FERMIONS COMPUTATIONAL-MICROSCOPY: WAVE-FUNCTION ANATOMY OF ATTRACTIVE-PAIRING AND WIGNER-MOLECULES ENTANGLEMENT AND NATURAL ORBITALS
In the 2D two-center-oscillator (TCO), the single-particle levels associated with the confining potential are determined by the single-particle hamiltonian 4, 5 (S1 integer. The number of indices is finite; however, they are in general real numbers.
The configuration-interaction method.
As aforementioned, we use the method of configuration Interaction for determining the solution of the many-body problem specified by the Hamiltonian (Eq. S1).
In the CI method, one writes the many-body wave function as a linear superposition of Slater determinants that span the many-body Hilbert space and are constructed out of the single-particle spin-orbitals
where denote up (down) spins. Namely
where √ | | S (7) and the master index counts the number of arrangements under the restriction that . Of course, counts the excitation spectrum, with corresponding to the ground state. In our CI calculations full convergence is reached through the use of a basis of up to70 TCO single-particle states; the TCO single-particle states automatically adjust to the separation as it varies from the limit of the unified atom to that of the dissociation of the dimer (for sufficiently large ).
The many-body Schrödinger equation transforms into a matrix diagonalizatiom problem, which yields the coefficients and the eigenenergies . Because the resulting matrix is sparse, we implement its numerical diagonalization employing the well known ARPACK solver 6 .
The matrix elements between the basis determinants [see Eq. (S7)] are calculated using the Slater rules 7 . Naturally, an important ingredient in this respect are the twobody matrix elements of the contact interaction,
in the basis formed out of the single-particle spatial orbitals , [Eq. (S7)].
In our approach, these matrix elements are determined numerically and stored separately. The corresponding 1D interparticle interaction strengths, , are extracted from as follows
where is a dummy variable and is the lowest-in-energy single-particle state in the ( ) direction for the LA (PA) configurations, respectively. In the LA configuration, coincides with , whereas in the PA configuration is a linear superposition of 's due to the effect of the smooth neck. , since they are even states). We note again that the index in Eq. S3 is not an integer in general, while here is indeed an integer (since it counts the number of single-particle states along the direction).
Results for the double well parallel arrangement (PA) configuration.
Figure S1 The Hubbard parameter U (the onsite interparticle interaction strength) as a function of (where g is the contact interaction strength in the microscopic hamiltonian given in Eq. 1 of the main text) is the energy difference, , for the singlet ground state in a single well; , is the energy of two non-interacting particle in a single well. If the calculations of U were to be done for the symmetric (Δ = 0) case, the results would contain contributions from interwell tunneling. To minimize interwell tunneling we performed (for both the LA and PA configurations) the above evaluation for U in a strongly tilted DW configuration, so that the low energy spectrum is determined solely by the lower lying well. This also incorporates the effect of anharmonicity which is inherent to the DW confinement; this effect is particularly important in the LA configuration. In these calculations we use a tilt of kHz for the LA configuration and kHz for the PA configuration, while keeping the other trap parameters unchanged.
Having established the dependence, we carry out a series of CPD calculations for the symmetric double well (with the same and ) where the fixed point is placed in the left well ( ). The portion of the CPD for yields the probability of double occupancy. On the other hand, the portion of the CPD for yields the single-occupation probability.
Our calculations compared to the experimental measurements are displayed in Fig. S2 . Note the interchange between the blue and green probability curves (compared to the left panel), which is found both in theory and the experiment. Note that the calculated results for both the LA and PA configurations of the double well system agree well with the experimentally measured data. The limit of the Hubbard model cannot distinguish between the two microscopic trap arrangements.
